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Global Lp-Lq estimates for solutions to the third 
initial-boundary value problem for the heat equation in a 
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Abstract 



p ^ I We discuss the unique solvability of the third initial-boundary value problem for 

I the heat equation in a bounded domain. This problem has uniquely a time-global 

solution in the anisotropic Sobolev space Wp^^ for any l<p<oo, l<g<c». 
Moreover, exponentially weighted Lp-Lq estimates for time-global solutions can be 
a . established. We prove the above properties by Lp estimates for steady solutions to the 

heat equation, the theory of analytic semigroups on Banach spaces and the operator- 
valued Fourier multiplier theorem on UMD spaces. 

(N \ 

^ ■ 1 Introduction 

■ Let be a bounded domain in M" (n G Z, n>2) with its C^-boundary We consider 

the following initial-boundary value problem for the heat equation: 

m 

O ; dtu- div(KVii) = / in X (0, T), 

u\t=o = no in Q., (1.1) 

KdyU + Kgulan = g on dVL x (0, T), 

^ , where < T < oo, k G C^{Q) satisfies k > on 0, G C^{dVL) satisfies Kg > on 

I dVL, uq, f and g are arbitrarily given functions in in x (0,T) and on dil, x (0,T) 

respectively, u G C^(5il) is the outward unit normal vector on 50. The unique solvabihty 
of (1.1) in the anisotropic Sobolev space Wp'q{Q x (0, T)) {1 < p < oo, 1 < q < oo) has 
been studied in recent years. Weidemaier jT3] discussed the unique solvability of (1.1) 
in Wp^q{Q X (0,T)) for any 0<T<oo,3/2<|?<g<oo, which remains to consider 
the case where T = oo, 1 <p<oo, 1 <g<oo. The main purpose of this paper is to 
obtain the unique solvability of (1.1) in Wp'q{Q x (0, T)) by the argument based on [T2] . 
First, (1.1) has uniquely a solution in Wp^q{U x (0,T)) for any < T < oo, 1 < p < oo, 
1 < g < oo. Second, exponentially weighted Lp-Lq estimates for time-global solutions to 
(1.1) are established. 

This paper is organized as follows: In section 2, we define basic notation used in this 
paper, and state our main results and some lemmas for them. Lp-Lq estimates for time- 
global solutions to (1.1) are established in section 3. In section 4, we prove not only the 
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2 1 

unique solvability of (1.1) in Wp^q {U x (0, T)) for any 0<T<oo, l<p<oo, l<(7<oo 
but also exponentially weighted Lp-Lg estimates for time- global solutions to (1.1). Finally, 
as a simple application of Lp-Lg estimates for time-global solutions to (1.1), we consider 
the following initial-boundary value problem for the semilinear heat equation: 

dtu - div(KVu) - l^r'^^u = / in X (0, T), 

u\t=o = uq in ri, (1.2) 

Kd^u + Ksu\qq = g on dO, x (0, T), 

where r > 1. It is proved in section 5 that (1.2) has uniquely a solution in Wp^q{Q x (0,T)) 
for any 0<T<oo,l<p<oo,2<(7<oo and that Lp-Lg estimates for time-local and 
time-global solutions to (1.2) are established. 

2 Preliminaries and main results 
2.1 Function spaces 

Function spaces and basic notation which we use throughout this paper are introduced 
as follows: Let G be an open set in M". (Lp(G), || • ||lp{g)) and (W^ (G), || • ||vi/fe{G)) 
(1 < p < oo, k £ Z, k > 0) are the Lebesgue space and the Sobolev space respectively, 
Wp{G) = Lp{G). Bpg{G) (1 < p < oo, 1 < < oo, < r < oo) is the Besov space [H 

7.30-7.49] defined as B'^JG) = {Lp{G),wi''\G))^/{r),q, where {Xo,Xi)e,q (0 < < 1) is 
an interpolation space between two Banach spaces Xq and Xi by the K-method or the 
J-method, (r) = min{A; G Z ; k > r}. iBpgQ{G),\\ ■ ||^r ^^(g)) is the Banach space of 

all functions which are in i?p_g(M") and have support on G, ^(g) = II^IIbj;,{G) + 

P^(''+^/^^||^i||L,(G*)llL,{R+), where G* := {x E G ; dist(x,aG) < t} for any t > 0. 

Let / be an open interval in R, {X, \\ • \\x) be a Banach space. {Lq{L, X), \\ ■ ||l^(/;X)) and 
{Wg{L,X), II • ||p^^(7;X)) (1 < 9 ^ oo, / € Z, / > 0) are the Lebesgue space and the Sobolev 
space of X- valued functions respectively, Wg{L,X) = Lq{L,X). {Wp^q{GxI), II"IIvv''=''(gx/)) 
(l<p<oo, k £ Z, fc>0)is the anisotropic Sobolev space defined as 

W^:^{G X /) = Lq{L, n W!^{L, Lp{G)), 

ll^ll<-^{Gx7) = \Ml,{I;W{;{G)) + Mwl,{I;Lp{G))- 

In the case where / = (0,T), we introduce the following function spaces: 
WlomTy,X) ={ue I^^((-oo,r);X) ; u{t) = for any t < 0}, 
T^Oo((0,r);X)=L,,o((0,r);X), 

^pioiG X (0,r)) = {n G Wp^j(G X (-oo,r)) ; u{t) = for any t < 0}. 

The Fourier transform J'xif , the inverse Fourier transform J^^^[g{^)](x), the 

Fourier-Laplace transform >C(j, t)[/(x, t)](^, A) and the inverse Fourier-Laplace transform 
[5(^, A)](x, t) are defined as follows: 
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for any ^ e M", 
for any x G M", 

£(.,„[/(x,t)l({,A) = le--it /^^e-V-T.«/(.,t)dx 

for any ^ G M", A G C, A = Ai + V^X2, Ai, A2 G R, 

for any x G M", i G M. The Fourier transform J^t[f {t)]{X2) with respect to t G M and the 
inverse Fourier transform J^X2^9(^^)](^) ^^^^ respect to A2 G M are similarly defined. It 
can be easily seen that 

C^a:,t)[f{x,tm,X) = T^^,t)[e-^^'f{x,tm,X2) (2.1) 

for any ^ G M", A G C, A = Ai + V^A2, Ai, A2 G M, 

^lix,M^^>^)]i^^t) = e^^'T^^\^^mX)]{x,t) (2.2) 

for any x G M", t G M, Ai G M. {H^{R;X),\\ ■ \\h-(r-x)) (1 < g < 00, s > 0) is the 
Bessel-potential space defined as 

H'g{R;X) = {ue Lg{R-X) ; G Lg{R-X)}, 

{ckru{t) = j--M(i + xir/'Tt[umx2)m, 

\\u\\hi{R;X) = \\u\\l,{R;X) + \\ {dtV u\\ LgiR;X) , 

iJ|((0,r);X) = {ue Lq{{0,Ty,X) ; 3v G H'g{R;X), v{t) = u{t) for any < t < T}, 
lklk|((o,T);X) = inf{||i'|k|(M;X) ; V-u G i?g"(M;X), v{t) = u{t) for any < t < T}, 

H^:^iG xR) = Lg{R; W^{G)) n H^g{R- Lp(G)), 

II^IIhp";|(GxR) = \MLg{R;W^{G)) + \H\hi(R;L^(G)), 

KloiG X M+) = {tx G i?^;q'(G X M) ; u{t) = for any t < 0}, 
<','o(G'x(0,r)) = {ue L,((0,r);Lp(G)) ; G i7^%(GxM+), i;(t) = t.(t) for any < i < T}, 

\\'^\\H';-;„iGxio,T)) = i'^fill^ll//p%^(GxR) ! ^ 'f^^g,o(<^xl^+)' ^^(*) = «(*) foi" any < t < T}. 

5(M;X) is the set of ah X-valued functions which are rapidly decreasing in R. 

Let (X, II • ||x) and {Y, \\ ■ ||y) be Banach spaces. {B{X;Y), \\ ■ \\j3{X;Y)) is the Banach 
space of all bounded linear operators from X to Y, B{X) = B{X;X), 

msiX;Y)= sup 

xex\{o} \\x\\x 



as 



(^g) II ■ ll/^) (1^9^ oo, s > 0) is the Banach space of all C-valued sequences defined 

= {(fljOjez ; e C (j G Z), ||(aj)jez|b« < oo}, 




ip 2-'*|aj| if (7 = oo. 

It follows from [H Theorem 5.6.1] that = {l],o^^%i)s,q for any l<g<oo, 0<s<l. 
2.2 Strongly elliptic operator in Lp 

The strongly elliptic operator Ap {1 < p < oo) in Lp{Q) with the zero Robin boundary 
condition is defined as Ap = — div(KV-), V^Ap) = {u G Wp{0,) ; nd^u+Kgulgfi = 0}, where 
^{Ap) is the domain of Ap. It is the same as in |10^ Theorems 2.5.2 and 7.3.6] that Ap is 
a sectorial operator in Lp(Q). Therefore, —Ap generates an uniformly bounded analytic 
semigroup {e~^^''}t>o on Lp(0), fractional powers Ap of Ap can be defined for any a > 0, 
Ap = Ip, where Ip is the identity operator in Lp{Q). Let us introduce Banach spaces derived 
from A'^. {X^{n), \\ ■ ||x^(Q)) and (1 < g < oo) are defined as X^{n) = V{A^) 

with the norm ||ti|U^(Q) = and Xp_g(il) = (Lp(0),XjJ(ri))i_i/g^g respectively. 

Ai is the first eigenvalue of — div(«;V-) with the zero Robin boundary condition. 

We state some lemmas concerning sectorial operators in Banach spaces and the char- 
acterization of Xp^q{^). See, for example, ^ Chapter 1], pLO, Chapter 2] about the theory 
of analytic semigroups on Banach spaces and fractional powers of sectorial operators. 

Lemma 2.1. Let 1 < p < oo, q > 0, < Ai < Ai. Then 

\\A'^pe-'Hr5iL,m<Ct-^e~'^^\ (2.3) 

where C is a positive constant depending only on n, Vt, p, n, Kg, a and Ai. 

Proof. It is [9, Theorem 1.4.3]. □ 

Lemma 2.2. Let l<p<oo, 0<a<l. Then 

1 '2/y — k 1 1 

x"(Q) ^ w!:{n) if — < - < -, (2.4) 

y p 11 r p 

where ^ is the continuous inclusion. 

Proof. It is [9, Theorem 1.6.1]. □ 
Lemma 2.3. Let 1 < p < oo, 1 < q < oo. Then 

' {u G S^lg ^^/''^ (n) ; Kd^u + Ksu\gn = 0} if 2(1 - 1/q) > 1 + 1/p, 

Xp,q{^) =l{ue Bl^l-^'''\n) ■ Kdi>u + ksu £ Bl^P^in)} if 2(1 - 1/q) = 1 + 1/p, 
b'p^-'/''\q) " if 2(1 - 1/g) < 1 + 1/p, 

(2.5) 

where kg G C^{^) and u G (7^(17) are extensions of Kg and u to Q respectively. 
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Proof. It is [8", Proposition 1.25 and Theorem 3.5]. □ 

2.3 Main results 

First, we shall prove the unique solvability of (1.1) in Wp'g{Q x (0, T)) for any < T < oo, 
1 < p < oo, 1 < g < oo and Lp-Lg estimates for solutions to (1.1) uniformly in T. 

Theorem 2.1. Let Q be a bounded domain in M" with its C'^ -boundary dQ, k G C^{^~1) 
satisfy k > on Q, Kg £ C^(9$7) satisfy Kg > on dil, < T < oo, 1 < p < oo, 
1< g < oo, no G Xp,q{n), f E Lq{{0,Ty,Lp{n)), g € H^'l^Jin x (0,r)). Then (1.1) has 
uniquely a solution u G Wp^g{Q x (0, T)) satisfying 

ll^ll<'i(nx(o,r)) ^ CpJ\\uo\\x^,,{n) + ||/||L,((o,r);Lp(n)) + llffll//M/,2(nx{o,T)))' ^^-^^ 
where Cp^q is a positive constant depending only on n, Q, p, q, k and Kg. 

Second, in addition to Theorem 2.1 with T = oo, exponentially weighted Lp-Lg esti- 
mates for time-global solutions to (1.1) can be established as follows: 

Theorem 2.2. Let be a bounded domain in with its C"^ -boundary d^l, k G C^{il,) 
satisfy k > on Q, Kg £ C^{d^l) satisfy Kg > on 1 < p < oo, 1 < g < oo, 
uq £ Xpg{^l). Then there exists a positive constant depending only on n, $7, p, q, k 
and Kg such that ife^^^f G Lg(M+; Lp{n)), e^^^g G H^'g^Qin x R+) for some < Ai < A?, 

2 1 

then (1.1) has uniquely a solution u G Wp^'q (il x ]R_|_) satisfying 

\\^^'^'^\\w^:^{nxR+) ^ '^P,g,Ai(IKo||xp,,(Q) + l|e^'VllL,{R+;Lp{Q)) + l|e^'*9ll^w^^ (2-7) 
where Cp^q^\^ is a positive constant depending only on n, Q, p, q, k. Kg and Ai. 

2.4 Lemmas 

We will state some lemmas which play an important role throughout this paper. First, 
the generalized Bochner theorem is stated as follows: 

Lemma 2.4. Let {X, \\ ■ \\x) be a Banach space, a = m -\- p — n, where m,n £ Z, m >0, 
n > 2, < /i < 1. Assume that g G C°°(M" \ {0};X) satisfies 

d^g £Li{W^;X) (2.8) 
for any 7 G Z", 7 > 0, I7I < m, 

\\dlgmx<C,\ir\'\ (2.9) 
for any ^ G M" \ {0}, 7 G Z", 7 > 0, where is a positive constant. Then 

\\J'i'[9{0]ix)\\x <C ( max C^^ (2.10) 

for any x G \ {0}, where C is a positive constant depending only on m, n and fi. 
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Proof. It is [H Theorem 2.3]. 



□ 



Second, in order to give the operator-valued Fourier multipUer theorem, we introduce 
an UMD space and the 7^-boundedness. A Banach space {X, \\ ■ \\x) is called an UMD 
space if X satisfies the following property (HT) which is equivalent to the UMD property 
[5l Theorem], [71 Theorem 2]: 

(HT) The Hilbert transform 

Hfit) = -p.v. [ P^ds, V{H)=SiR;X) 

is extended to a bounded linear operator H G 13{Lg(R; X)) for some 1 < q < oo. 

It is well known in [7, Condition (iii)] that typical examples of UMD spaces are Ip and 
Lp{G) for any 1 < p < oo. Let T be a subset of B{X;Y). T is called 7^-bounded on 
B{X;Y) if T satisfies the following property (7^): 

{TV) There exists a positive constant C such that 



N 




N 




^rj{t)TjXj 


dt<C [ 
Jo 


^rj{t)xj 


dt 




Y 




X 



for any Tj £ T, xj £ X (j = 1, ■ ■ ■ , A^), N £ N > 1, where rj is the Rademacher 
function defined as rj{t) = sign (sin (2-'7rt)). 

In the case where T is 7^-bounded on B{X; Y), the smallest constant C for which (TZ) holds 
is denoted by TZ{T). The operator- valued Fourier multiplier theorem on UMD spaces is 
stated as follows: 

Lemma 2.5. Let {X, \\ ■ \\x) and (Y, \\ ■ ||y) be UMD spaces, M E C^(M \ {0}; ^(X; F)). 
Assume that {M{t)}ifz]^\{Qj and {tdtM{t)}t^]^\^Qy are TZ-bounded on B{X;Y), 

^({M(i)}teiR\{0}) = Co, 

7^({^^^^A^(^)}teR\{o}) = Ci. 

Then K = T~^MT , T^iK) = C^(R \ {0};X) is extended to a bounded linear operator 
K £ ^(Lg(M; X); Lg(M; Y)) for any 1< q < oo, 



\\K\\B{Lq{R;X);Lg{R;Y)) ^ ^i^O + Ci), 

where C is a positive constant depending only on X, Y and 
Proof. It is O Theorem 3.4]. 



(2.11) 



□ 



It is very useful on families of convolution operators that we give the following sufficient 
condition for the 7^-boundedness: 
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Lemma 2.6. Set M = {M(t)}ieK\{o}, 

{M{t)f){x) = [ P{x- y, t)f{y)dy, P{;t) G Li,,o,(M"), V{M{t)) = L2(M"). 

Assume that there exists a positive constant Co such that 

l|M(i)||B(L.(R")) <Co (2.12) 
for any t G M \ {0}, 

J2 |afP(a;,t)|<Co|x|-("+^) (2.13) 
^eZ",^>o,|/3|=i 

for any X e M"\{0}, t G M\{0}. Then M isTZ-bounded onS(Lp(M")) for any 1 <p < oo. 
Moreover, TZ{Ai) < CCq, where C is a positive constant depending only on n and p. 

Proof. It is [121 Proposition 2.4]. □ 

Third, some interpolation inequalities in Bessel-potential spaces are stated as follows: 

Lemma 2.7. Let G he an open set in M", 1 < p < oo, 1 < q < oo, 0<s<l, 0<r<l. 
Then 

hllH|(R;Lp{G)) < Cir^~'\\9tu\\L^(^^.Lp{G)) + ^"1kllL,(IR;Lj,(G))), (2-14) 

\H\HliR;Lp{G)) ^ C'll'"llHi(IR;i'p{G'))ll'"llL~(R;Lp{G)) (^-l^) 

for any u G ffg (M; Lp(G)), where C is a positive constant depending only on G, q and s. 
Proof. It is [12f Proposition 2.6]. □ 

Lemma 2.8. Let 1 < p < oo, 1 < q < oo. Then 

for any u G Wpl^{^ x M), where G is a positive constant depending only on n, Q, p and q. 
Proof It is [I2l Proposition 2.8]. □ 

Finally, we state some lemmas which is essential for Lp-Lq estimates for time-global 
solutions to (1.1) in M" x M with a positive constant n. Let us introduce subsets with 
respect to i' G G M and A G C as follows: 

G(e,A) = {(?', A) G M"~^xC ; e'eM"~^\{0}, \ = \i + ^\2, Ai > 0, A2GM\{0}}, 

%',x„,A) = {{i',Xn,\) G IK""' X M X C ; (C',A) G %,,a), > 0}. 
A{^' , A) is one of characteristic roots for k\£,'\'^ + A + 1 — kA^ = defined as 

A{^',X) = {\^'\^ + K-\X + 1))'/^. 
It can be easily seen that 

Re^(e',A)>c(|ri + |A|V2 + i) 

for any (^', A) G ;^), where c is a positive constant depending only on k. 
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Lemma 2.9. 

|9g°/^(e',Ari <C(|C'| + |A|'/' + irl°'l, C = C(s,a'), (2.17) 

\d^>W\'\ < C = C(s,a'), (2.18) 

/or any (,^',x„,A) G s G M, a' G a' > 0, where C is a positive constant 

depending only on k, s and a' , d is a positive constant depending only on k. 

Proof. It is [121 Lemma 5.4]. □ 

Lemma 2.10. Let 1 < p < oo, 1 < q < oo, Mi be a function defined on Assume 
that there exist constants C > and f3 < 1 such that 

|5?;(Ai9l Mi(e',A))| <C(|e'| + |A|V2 + i)-KI(|A| + i)/5, C = C{a') (2.20) 



for any (^', A) G G(^^i^x), I = 0,1, a' £ , a' > 0. Let f be a given function defined 



on 



G{i',x„,\), 



wi = / £(-^i,^)[A(e',A)-ie-^(«''^)(-"+^")Mi(e',A)/(e',y„,A)](x',t)dy, 



f{x,t)=C-l^Jf{e,OCn,X)]{x',t). 



Then 



'^^*'^i||l,(1:;Lp(IR!^)) < C'lle ^'*/llL,(K;Lp(R!i^)) (2.21) 
for any Ai > 0, where C is a positive constant depending only on n, p, q and k. 

Proof. It is |12[ Lemma 5.5]. □ 

Lemma 2.11. Let 1 < p < oo, 1 < g < oo, M2 be a function defined on G^^^i^xy Assume 
that there exists a positive constant C such that 

|9f;(Ai9i^M2(e',A))| <C(|e'| + |A|V2 + i)-KI, c = C{a') (2.22) 
for any (^', A) G G(^^i^x)j ^ = 0, 1, a' G Z"^-*^, a' > 0. Let g be a given function defined on 



W2 = £^^},^)[A(e',A)e-^(«''^)(-"+^")M2(e',A)5(C',y„,A)](x',t)dy„ 
g{x,t) = C'^^]^^,^-^[g{^',Xn,X)]{x',t). 



Then 



l|e ^ W2\\Lq{R;Lp{Wl)) - ^ 9\\Lq{W;Lp{Rl)) (2.23) 

for any Ai > 0, where C is a positive constant depending only on n, p, q and k. 

Proof. It is |121 Lemmas 5.5 and 5.6]. □ 
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(3.1) 



3 Global Lp-Lq estimates for solutions to (1.1) 

3.1 Lp estimates for steady solutions to (1.1) 

We discuss the following boundary value problem in il: 

Xu — div(KVn) = / mi}, 
ndyU + Ksu\q^ = g on 50 

for any A E U {0}, where 

= {A € C \ {0} ; |argA| < ^ < ,^ < |. 

It is essential for our main results that Lp estimates for steady solutions to (1.1) are 
established as follows: 

Theorem 3.1. Let k G C^{i^) satisfy k > on 0, E C^{d^) satisfy Kg > on d^, 
1 < p < oo, < (p < tt/2, f G Lp{Q), g G Wp{^). Then (3.1) has uniquely a solution 
u G Wp{^) satisfying 

\AM\l^{q.) + \\u\\w^(n) < Cp(||/|U^(Q) + (3-2) 

for any A G S'.^UjO}, where Cp is a positive constant depending only on n, VL, p, (p, k and 

Kg ■ 

Proof. Set 

{u,v)n = / u{x)v{x)dx, 
Jn 

and let p* be the dual exponent to p defined as 1/p + 1/p* = 1. Then it follows from 
1 < p < cxD that u\u\^~'^ G Lp*(il) for any u G Lp{Q,) and that {u,u\u\'p~'^)q = ^q^. 
Let 2 < p < CXD. Then integration by parts and A G 5,^ U {0} yield that 

\{Xu + ApU,u\u\P-'^)n\ ^(^(^j \^'^ix)\'^HxW'^dx + \\u\\l^f^g^^^ , 

jjVu{x)\^\u{x)\P-^dx + \\u\\l^^g^^^ < \\{XIp + Ap)u\\L^^n)\\u\\l~lQ) 

for any u G V^Ap), where c is a positive constant depending only on p, cj), k and Kg and 
that {XIp + Ap)u = implies Vu = 0, u\qq = 0, that is, u = 0. Therefore, XIp + Ap is 
injective. In the case where 1 < p < 2, it can be easily seen from the duality argument 
that Alp + Ap is also injective. By applying [21 Theorem 15.2] to the following boundary 
value problem in ri: 

— div(KVti) = f — Xu in Q, 
HiduU + Ksu\q^ = g on 

it is obtained from a basic property of Ap and the compactness-uniqueness argument 
that (3.2) is established. Moreover, the adjoint problem ^ Corollary to Theorem 5] to 
the uniqueness of (3.1) admits that (3.1) has uniquely a solution u G Wp{VL) for any 
1 < p < oo. □ 



c 
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3.2 Lp-Lq estimates in Q x 1R+ with f — 0, g — 

We consider (1.1) with f = 0, g = 0, that is, the following initial-boundary value problem 
in O X R+: 

dtu - div(KVu) = in O X R+, 

u\t=o = uq in CI, (3.3) 

K^i^n + Ksu\gn = on 50 X M+. 

The theory of analytic semigroups on Lp admits that Lp-Lq estimates for time-global 
solutions to (3.3) are established as follows: 

Theorem 3.2. Let k G C^{Cl) satisfy k > on fl, Kg E C^{dCl) satisfy Ks > on dfl, 
1 < p < CO, 1 < q < oo, < Ai < Ai, uo G Xp_g(J7). Then (3.3) has uniquely a solution 
u G Wplq (il X M_|_) satisfying 

u{t) = e~*^f Uo, 

\\e^^''''^*u\\w^:l{nxm+) ^ Cp,'iM\\M\x,,,{n), (3-4) 
where Cp^q^Xi o, positive constant depending only on n, p, q, k, Kg and Ai. 

Proof. It is sufficient for Theorem 3.2 to be proved that u{t) = e~*"^p?xo satisfies (3.4). We 
can easily see from (2.3) with a = that 

e(^^/^)1n(t)||^^(n)<Ce-(^^/2)iuo||,.,(o), 

\\e^^'^^^'uh^^^^.L,in)) < Cho||L,(n), (3.5) 

where C is a positive constant depending only on n, fi, p, q, k, Ks and Ai. In order to 
obtain Lp-Lq estimates for e^^^^^^^dtu, we calculate as follows: 

/•oo /•2-'+l 
Jo J21 

<^e''^^2^(2^+i-2^)aj(uo)^ 
= ^(2^■/V^^^a,(no))^ 

||e(^^/2)*atu|U^(K+;L,(n)) < ||(e^i^^a,(txo)),ez||,i/., (3.6) 

where 

aj(txo) = max 11^*^(^)11^, (q). 

Since 

||5tt^(i)llLp(n)<Ce-^^*||no|Ui(Q) 
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for any t > 0, where C is a positive constant depending only on n, p, k, Kg and Ai, 
which follows from (2.3) with a = 0, we obtain that 

||(e^i2'aj(uo))jez||zo^ = supe^^^' , max ||5tn(t)||i, (q) 



< sup ( e'*'^^'' max Ce I ||'Uoll;5firni 



= C'll«o||xi(o)) 

where C is a positive constant depending only on n, J7, k, Kg and Ai. Similarly to the 
above estimate, since 

l|5t«(i)llL^(n) < Ci~'e-^i*||t^o||L,(n) 

for any i > 0, where C is a positive constant depending only on n, r2, p, k, and Ai, 
which is clear from (2.3) with a = 1, we have the following inequality: 



||(e-^^2^a,(iXo)),ez|hi„ = sup2^e^i2. . max \\dtu{t)\\j^^^^^^ 

< sup (2^^^^' . max Ct-^-^A hoh^in) 

= C'll'"o||Lp(f2)5 

where C is a positive constant depending only on n, p, k, Kg and Ai. Therefore, we can 
conclude from Ig = (/^, < s < 1 that 

\\{e^'^' aj{uo))j(^z\\i'^ < C||uo||(xi{n),Lp(f7)),,, (3-7) 

for any < ,s < 1, where C is a positive constant depending only on n, il, p, q, s, k, Kg 
and Ai. By {Xp{^l), Lp{^l))s,q = {Lp{Q,), Xp{Q,))i-s^q and letting s = 1/q, it is obvious 
from (3.6), (3.7) that 

\\e^^'^^^'dtu\\L,iR^.L,m) < C\\uo\\x,,,(n), (3-8) 

where C is a positive constant depending only on n, Q, p, q, k, Kg and Ai. Moreover, as 
for ||e('^i/^)*M||i^(]R^.^2(Q)), it is derived from Theorem 3.1 with / = —dtu, g = that 

\\umw^in)<C\\dtu{t)h^^a) (3.9) 

for any t > 0, where C is a positive constant depending only on n, 0., p, k and Kg- We 
can easily see from (3.8), (3.9) that 

We^^'^^^'uh^^u+.w^m < C||no|U,„(n), (3.10) 

where C is a positive constant depending only on n, Q, p, q, k, Kg and Ai. Therefore, 
(3.5), (3.8), (3.10) clearly lead to (3.4). □ 
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3.3 Lp-Lq estimates in x R and in R" x R with constant coefficients 

In the case where k is a positive constant, first of all, we discuss the following problem in 



dtu - kAu + n = / in X R. 



(3.11) 



We can utilize the operator- valued Fourier multipher theorem on Lp to obtain the following 
lemma: 

Lemma 3.1. Let n be a positive constant, 1 < p < oo, 1 < q < oo, f £ Lq^o(M.^; Lp(W^)). 
Then (3.11) has uniquely a solution u G Wp^Q{U."- x M_)_) satisfying 

-C(,,t)[f{x,tm,xy 



u{x, t) = L,} 



A + «|CP + 1 



(x,t), 



(3.12) 



fc=0 k=\ 



(3.13) 



/or any \\ > 0, where C is a positive constant depending only on n, p, q and k. 



Proof. Since C^{G x M+) is dense in Lqfl{Kj^; Lp{G)) for any open set G in M", we can 
assume that / G Co°(M" x M_|_). By applying the Fourier-Laplace transform with respect 
to {x,t) G M" X M to (3.11), it follows that 

(A + + 1)/:(,,,)M = in M" x M, 

where ^ G M", A G C, A = Ai + \/— IA2, Ai, A2 G M. Therefore, u can be defined as in 
(3.12). It is derived from (2.1), (2.2), (3.12) that we have the following formulas: 



(x,A2), 



(x, A2), 



K;"(A2)/)(x,A2):= / Plf(x-y,M)f(y)dv, 
(iVj"(A2)/)(x,A2):= / Q5f(x-y,A2)/(y)ciy, 
Aj/'5,"(e-^^*ix)(x,i)=.F;^,M(M,^f(A2)J^*[e-^^V(^,i)])(^,A2)](x,t), 



(3.14) 



{dt)'/'d^{e-'^'u)ix,t) = J^,-n(iV,^;"(A2).Fi[e-^^V(^,i)])(^, A2)](x,t) (3.15) 
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for any k e Z, k > 0, a e Z"", a > 0, k + \a\ < 2. Set 

A^A'"o = Kr(A2)}A.m\W, 

= {A25,,M^;"(A2)}A,eM\{0}, 
Kjf = J-,-/M,^;"J-i, ) = Co~(M\ {0};L2(M-)), 

-^AiX = {^Ar(A2)}A2eR\{0}, 

<ri = {A25A,<f(A2)},,eM\{0}, 
Ljf = ) = C^{R \ {0}; L2(M")). 

We can easily see that 

|A + K|eP + l| >c(|A| + |eP + l) (3.16) 

for any ^ € K", A € C, Ai > 0, where c is a positive constant depending only on k. By 
applying the Plancherel theorem to P^^", it follows from (3.16) that 

II^Ar(A2)b(L.(M«))<C (3.17) 

for any A G C, Ai > 0, G Z, > 0, a G Z", a > 0, + |a| < 2, where C is a positive 
constant depending only on k. We also obtain from (3.16) that 



< C|C|I^I~I^I (3.18) 

for any ^ G \ {0}, A G C, Ai > 0, A: G Z, A: > 0, a G Z", a > 0, A; + |a| < 2, /3 G Z", 
/3 > 0, 7 G Z"-, 7 > 0, where C is a positive constant depending only on k, /3 and 7. It is 
derived from (3.18) and Lemma 2.4 with m = n, = 1, g{0 = J'a:[P^;"(x, A2)](0(V^0'^ 
that 

J2 |a,^P,';"(x,A2)|<C|x|-(-+i) (3.19) 

/3eZ",/3>0,|/3|=l 

for any X G \ {0}, A G C, Ai > 0, A: G Z, A; > 0, a G Z", a > 0, A; + |a| < 2, where C is a 
positive constant depending only on n and k. Therefore, from (3.17), (3.19) and Lemma 
2.6, AlJ'^o is 7^-bounded on B{Lp{R"-)) for any Ai > 0, A; G Z, A; > 0, a G Z", a > 0, 
A; + |q;| < 2, TI{M'1'^q) < Co, where Co is a positive constant depending only on n, p and 
K. Similarly to -M^'"o' conclude from Lemma 2.6 that ■M'x^i is also 7?.-bounded on 

^(Lp(M")) for any Ai > 0, A; G Z, A; > 0, a G Z", a > 0, A;+|a| < 2, 7^(7W^;° ) < Ci, where 
Ci is a positive constant depending only on n, p and k. It follows from Lemma 2.5 that 
is extended to a bounded linear operator k'^'^ G B{Lq{R; Lp{W^))) for any Ai > 0, 

A; G Z, A; > 0, a G 7/^, a > 0, A; + |a| < 2, ||i^^^"||i3(Lq(R;Lp(R"))) < C", where C is a positive 

constant depending only on n, p, q and k. The same argument as above shows that 

and M^f'i are 7?.-bounded on B(Lp(R")), therefore, L^'° is extended to a bounded linear 
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operator lJ'" G B{Lq(R; for any Ai > 0, A; G Z, A; > 0, a G Z", a>0,k+ \a\ < 2, 

ll-^A'i°lls(-t'9(]K;i'p(K"))) ^ where C is a positive constant depending only on n, p, q and 
K. It follows from (3.14), (3.15), K^'^^ G B(Lg(R; Lp(M"))), L^'^ G B(Lq(M; Lp(R"))) that 

A^/'||a-(e-^i*n)||i^(M.i^(Kn)) < C||e-^^Vl|L,(M;L,(Rn)), (3.20) 



|K5t)'=/2a,"(e-Ai*^)||^^(j,^^^(^„^) < C||e-^iVllL,(R;L,(R")) (3.21) 

for any Ai > 0, /c G Z, fc > 0, a G Z", a > 0, A: + |a| < 2, where C is a positive constant 
depending only on n, p, q and It is clear from (3.20), (3.31) that (3.13) is established. 
We remark that e~^^^ > 1 for any Ai > 0, t > and that f{t) = for any t < 0, and 
obtain from (3.13) that 

-Alt, 



^l\m\Lq{R-;Lp{R")) < ^l||e ^ ■"||l,(R_;Lp(R")) 



< C||e-^l*/llL„(M;L„ 



Lq(R;Lp(R"))> 



ll^l|Lq(R_;Lp(M")) < C'Ai ^11/11 i^(]K.ip(Mn)) (3.22) 

for any Ai > 0, where C is a positive constant depending only on n, p, q and k. It is obvious 
from (3.22) with Ai ^ oo that u{t) = for any t < 0, therefore, u G Wp'^lf^{W x M+). □ 



Second, we consider the following problem in R" x R: 

(3.23) 



dtu - kAu + u = f in R!|: X R, 



Kdx„u\Q^n = h on 5R" x R. 

Lemmas 2.6-2.8 and 3.1 admit that Lp-Lg estimates for time-global solutions to (3.23) are 
established as follows: 

Lemma 3.2. Let k be a positive constant, 1 < p < oo, 1 < q < oo, / G Lqfi(R^; Lp(R" )), 
h G Hp'^l^^Q{Wl X R+). Then (3.23) has uniquely a solution u G Wp^l^iRl x R+) satisfying 

(3 24) 

for any Ai > 0, where C is a positive constant depending only on n, p, q and k. 
Proof. Let (po be the odd extension of (/? to R defined as 



iPo{x,t) 



ip{x, t) if Xn > 0, 

-(p{x' ,-Xn,t) if Xn < 0. 



Then it follows from Lemma 3.1 that 
dtv - kAv + v = foinW xR 
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2 1 

has uniquely a solution v G Wp'^Q(M" x M+) satisfying 

-c^.,t)[fo{x,tM,xy 



v{x,t) = £(^1 



A2) 



A + «|C|2 + 1 



{x,t), 



(3.25) 



2 2 

fe=0 k=l 

(3.26) 

for any Ai > 0, where C is a positive constant depending only on n, p, q and k. Moreover, 
it is derived from (3.25) that d^,^v{x' ,f),t) = for any {x' J) G R""^ x M. By letting 
u = V + w, li IS clear from dx^v\gK^ = that w must satisfy the following problem in 



dtw - kAw + w = in Rl x M, 

(3-27) 



i^dxr,w\oM.n = h on 



Therefore, it is essential for Lemma 3.2 to be proved that (3.27) has uniquely a solution 
w e Wp'^g^QiWl X M+) satisfying 



< C(A}/^||e-^^*/.|U^(«,^^(„.)) + l|e-'^*^ll^w.(^.,^)) ^^''^^ 

for any Ai > 0, where C is a positive constant depending only on n, p, q and k. 

We can utilize the Fourier-Laplace transform with respect to {x',t) G M""^ X M to 
rewrite (3.27) by the following problem: 

(k|^'P + a + l)C(^x',t)H - i^9l^^(^x',t)H = in {xn > 0}, 
i^dxn^(x',t) M U„=o = ^(x',t) [h] on {xn = 0}. 

The inverse Fourier-Laplace transform with respect to (^', A2) G R""-*^ x M admits that w 
is defined as 

wix,t) = -/:^^},^)KiA(r,A)-i/i(r,0,A)e-^«''^)-"](x',t), 
It is clear from (3.29) that we have the following formula: 

poo 

w{x,t) = -J 5,„/:(-^}^^^)[«-M(r,A)-i/i(r,yn,A)e-^(«''^)(-"+^")](a;',t)dy„ 

roo 

= £^^},^)KiA(e',A)-ie-^«''^)(-"+^")(A(e',A) -a,J/i(e',yn,A)](x-',t)dy„. 

(3.30) 
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Let 1 be decomposed into 
Then it follows from (3.30) that 



n-1 



{x',t)dyn 



/•oo 

- / /:^^},^)[K-iA(C',A)-ie-^(^''^)(-"+^")a,>(e',y„,A)](x',t)dy„. 

«/ 

Moreover, we can utilize the identity A + l = Ai + (l + \/— TA2) (Ai , A2 G M) to obtain that 

/•oo 

w{x,t) = £^l^^^m\X)-'e-^^i''^')^-"+y-hl/'A{C',X)-'K-^Xl/'^^^^^ 

poo 

+ / A)-ie-^(«''^)(=^"+^")(l + V^A2)(1 + Xl)-^/^A{^',X)-' 

J 

X + Xlf'^h{^, Vn, A)](x', O^^yn 

n-1 

A)-ie-^(«''^)(-"+f") ^(^e.)^(C', A)-i^-i(^/^e.)/i(^', yn, A) 



poo 
/•oo 

- / /:^^},^)[^(e',A)-ie-^(«''^)(-"+^")K-ia,>(r,y„,A)](x',i)dy„. 

•/ 



(3.31) 



Since it is clear from the inverse Fourier-Laplace transform with respect to (^',A2) G 
M"-^ X M that 



£^^},^^)[K-2(l + A2)V4/,(^',a;„,A)](x',t) = K-2e^i*(a4)V2(e-^i*/i)(x,i), 



n-1 



-^^(^/^C^)MC',^n,A) 



i=l 



n-1 



{x',t) = K ^^d^.h{x,t), 



i=l 
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we can apply Lemma 2.10 to w and dtw by letting 

f(Ai + l)Aj/'^(e',A)-\ 
(Ai + 1)(1 + V^X2){1 + Al)-V4^(e', A)-i, 

n—l 



1=1 



Ai + 1 



if 'Wi{x,t) = (Ai + l)w{x,t), 



ix2xY'A{e,x)-\ 

-1A2(1 + V=TA2)(1 + Ai)-V4^(^', X)-\ 



n-l 



-lA2 5^(v^c^)^(?^A)-^ 



^As 



if wi{x,t) = e^i*at(e-^i*w(a;,t)). 



Then we notice the identity e ^^^dtw = Aie + 5t(e ^^*w), and obtain from (3.31) 
that 



Ai||e '^^*W^||Lq(M;Lp(lR")) + l|e ^^*'i^||wi(M;Lp(E")) 



-Alt, 



Lq(R;Lp(R!^)) + l|V(e ^'*/i)||Lg(R;Lp(R^))) 



(3.32) 



for any Ai > 0, where C is a positive constant depending only on n, p, q and k. As for 
|Lq(iR;iv|(R!f.))) first, it can be easily seen from (3.30) that 



/•oo 

d^;d,M^,t) = / £^^},^)[^(e^A)e-^«^^)(=^"+^")(^eo^(^^A)-'/^-'(^^0"'^(c^yn,A)](x^^)dyn 

«/ 

poo 

- Cll,JA{^\X)e-^^^'''^(^-+y-\V^^r'iV^^i)Ai^',><r' 
X K-^dy^h{^',yn,X)]{x',t)dyn 

(3.33) 

for any a' G Z""^, a' > 0, \a'\ < 1, i = 1, • • • , n — 1. Since it is clear from the inverse 
Fourier-Laplace transform with respect to (^',A2) € R"~^ x R that 

^llx,)i'^'H^O'''HC',Xn,X)]{x',t) = K-'d::hix,t), 

^{i,\2^'^~^^^r,HC'^Xn,X)]{x',t) = K~^dx^h{x,t), 
we can apply Lemma 2.11 to d^',dx^w by letting 



M2(e',A) 



-ieov4(r,A)-i if ff(r,x,,A) = iv^er'hie,xn,x), 

TO"'(v^e«)^(e',A)-2 if 3(r,^n,A) = 5,>(C',x„,A). 



Then we obtain from (3.33) that 
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(3.34) 



for any Ai > 0, a' G ^, ol > 0, \a'\ < 1, i = 1, • • • , n — 1, where C is a positive constant 
depending only on n, p, q and k. Second, it follows from (3.30) that 



d^^,d,Mx,t) = / /:^^|,^)[A(r,A)e-^(«''^)(-"+^")K-i(^^')^'^(^',yn,A)](x',t)d2/„ 

J 

poo 

- J >C^^I,^)[e-^(«' ^)(^-+^")(V^?')''''^"'^.„^(?'>yn, A)](x',Odyn 

(3.35) 

for any G ^3' > 0, < 1. By letting 



1 ii g{e,xn,x) = {v^efh{e,xn,x), 

{^^'fA{e, A)-i if g{e, xn, A) = a^Xr, x^, A), 



M2(r,A): 

we can utilize Lemma 2.11 to obtain from (3.35) that 

(3.36) 

for any Ai > 0, /3' G Z"~^, /3' > 0, < 1, where C is a positive constant depending only 
on n, p, q and k. Finally, we notice the equation 

dlw{x,t) = -Cll^^^[K-'A{e,X)e-^(i'^^^^-h{e,0,X)]{x',t) 

^ _ _ (3-37) 

= 2_]d^i'w{x,t) — K ^dtw{x,t) — K ^w{x,t) 

1=1 

and the identity e'^'^^dtw = Xie-^^^w + dtie'^^^w), and obtain from (3.32), (3.34) that 

||a2Je-^l*^^;)|U^(K.i^(Rn)) 

< C(Af ||e-^i*/i|U^(K.^^(Kn)) + ||(5t)^/2(e-^i*/i)|U^(K;L,(Ml^)) + ||V(e-^i*/i)|U^(K;L,(R»))) 

(3.38) 

for any Ai > 0, where C is a positive constant depending only on n, p, q and k,. Therefore, 
it is clear that (3.28) is established by (3.32), (3.34), (3.36), (3.38). 

We remark that e~^^*' > 1 for any Ai > 0, i > and that h{t) = for any t < 0, and 
obtain from (3.28) that 

Ai|kllLq(E_;Lp(R!;:)) < Ai||e"^i*u;||i^(iR_.ip(iRn)) 

1 /2 
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1/2 1 

\H\L,iR.;L^(Rl)) < C{Xi ||/i||L,(ffi;L^(R!^)) ll^lljfM/2(Kn ^k)) (3-39) 

for any Ai > 0, where C is a positive constant depending only on n, p, q and k. It is obvious 
from (3.39) with Ai ^ oo that w{t) = for any t < 0, therefore, w G x R+). □ 

3.4 Lp-Lg estimates in f2 x M.^ with uq = 

First, we discuss (1.1) with a positive constant k, uo = and 5 = 0, that is, the following 
initial-boundary value problem in J7 x M-|-: 

dtu — kAu = f in X IR+, 

u\t=o = in fl, (3.40) 

Kdi,u + Ksu\qci = on do, x R_|_. 

Lemma 3.2 implies that Lp-Lq estimates for time-global solutions to (3.40) are established 
as follows: 

Lemma 3.3. Let k be a positive constant, Kg € C^{dU) satisfy Kg > on dU, 1 < p < oo, 
1 < q < oo, f £ Co°(M+;Lp(r2)). Then (3.40) has uniquely a solution u £ Wp^g^Q{^l x M+) 
satisfying 

u{t)= [\-^'-''^^^f{s)ds, 
Jo 

\Mw^;^{QxR+) ^ C\\f\\L^^u+;LAn)), (3-41) 

where C is a positive constant depending only on n, O, p, q, k and Kg- 

Proof. It is essential for Lemma 3.3 to be proved that u satisfies (3.41). First, we obtain 
the following inequality: 

\W\\Lq{^+;W^{a.)) < C\\f\\Lg{R+;Lp{n)), (3.42) 

where C is a positive constant depending only on n, O, p, k and Kg. It is clear from (2.3), 
(2.4) with a = 1/2 that 

\Hmw^(^n) < C l\t-s)-'/'e-'^^'-^^\\f{s)h^^n)ds 

for any t > 0, < Ai < Ai, where C is a positive constant depending only on n, O, p, k, 
Kg and Ai and that 

[\t - s)-'/'e-'^^'-'^\\f{s)h^^n)ds = f \\f{t - .)||L,(n)^-'/'e-^i^d.. 

JO JO 

It follows from the Holder inequality that 

||/(i-.)IU,(n)^-'/'e-^i^d. < [J^ ||/(i- .)|r^^(^).-V2e-Ai^d.y^' Q\-y\-^^^ds^ 
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for any t > 0, < Ai < Ai, where 1 < q'* < oo is the dual exponent to q. We interchange 
the order of integration with respect to t, and obtain that 

j-oo / ft \1 / poo \ 1+?/?* 

/"CO / TT \ 

\\u\\L,{m+;W^{n)) < C||/l|L,(M+;Lp(a)) S-^/'^e-^^^ds = C ( — J \\f\\L^{W+-L^{Sl)) 

for any < Ai < Ai, where C is a positive constant depending only on n, Vt, p, k, Ks and 
Ai- Therefore, it is sufficient for Lemma 3.3 to be proved that 

Mw^;^{nxR+) ^ + \\u\\L,{R+;W^(n)}), (3-43) 

where C is a positive constant depending only on n, Q, p, q, k and Ks- 

Second, wc give Lp-Lg interior estimates for time-global solutions to (3.40). Set ^Is = 
{xen; dist(x, 50) > 6} for any S > Q. Then 99 G C^(M") can be defined as 

(p{x) = 1 if a; G 0^, 

< (f{x) < 1 if a; G 0^/2 \ TI5, 
^(pix)=0 ifa;GM"\n^. 

It is clear from (3.40) that ipu satisfies the following problem in x R+: 

dt{ipu) - KA{ipu) + {(fu) = f5 + {(pu) in R" x R+, (3.44) 

where fs = {(ff ) — K{Aip)u — 2KVip ■ Vn. Since it follows from / G C(f (R+; Lp(0)) that 
f{t) = 0, u{t) = for any i < 0, we can apply Lemma 3.1 with Ai = to (3.44), and 
obtain that 

2 

ll¥''"l|L,(ffi+;W|(M«)) + \\'^^h^'\m+;W^-''{Rn)) ^ C'IIMU.{K+;Lp(M")), (3-45) 
k=l 

where C is a positive constant depending only on n, p, q and k. Moreover, it is obvious 
from the definition of (p and fs that 

II<^'"I|l,(]R+;Lp(]R")) > ||'"||L,(]R+;Lp(n5)), 

II/5||l,(R+;Lp(R")) < \\f\\Lq{R+;Lp{n)) + Cs\\u\\Lq{R+;W^(n)), 

where Cs is a positive constant depending only on n, O, p, q, k and 6. Therefore, it follows 
from (3.45) that 

2 

ll^^llL,(M+;M/2(aj)) +X] ll^lli?,"/2(R+;Ty2-fe(t2^)) < C5i\\f\\L,(R+;Lp(n)) + Ml L,{R+;W}{n))) , 
k=l 

(3.46) 

where Cs is a positive constant depending only on n, O, p, q, k and S. 
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Finally, we establish Lp-Lg estimates near the boundary for time-global solutions to 
(3.40). Set Bs{xo) = {x G R" ; \x - xo\ < 6} for any xq e dQ, S > 0. Then (p e C^(R") 
can be defined as 

ip{x) = 1 if X G -65(^:0), 

< < tp{x) < 1 if X G B25{xo) \ Bsixo), 
^(p{x)=0 if XGM'^\525(xo). 

It is clear from (3.40) that ipu satisfies the following problem in f2 x M^: 

dt{(fu) — KA{ipu) + (ipu) = fs + ifu) in J7 X M+, 

{vu)\t=o = inn, (3.47) 

Kdui^pu) + Ks{(pu)\dn = fb^s on X M+, 

where fs = {ipf ) — K{Aip)u—2KVip-Vu, fb^s = n{dy(p)u and that there exists the orthogonal 
matrix O such that 0^u{xq) = (0, • • • ,0, —1)'^. Set x = xq + Oy, (l = {0^{x — xq) ; x G 
v{y,t) = {ipu){x,t), z>(i/) = 0'^v{x). Then it follows from (3.47) that v satisfies the 
following problem in f2 x 

dfV — kAv + v = gs in X M+, 

v\t=o = in (3.48) 

Kdi^v + i^sv\gQ = gb,s on dCl x R+, 

where gs{y,t) = f5{x,t) + v{y,t), gb,5{y,t) = K{di,ip){y)u{x,t). Let J be a small positive 
constant satisfying suppti C -B£o(0) for any small positive constant £0, where i?e^(0) = 
{y G ; \y\ < eq}- Then there exist a positive constant £1 > £0 and % G C'^{B'^^{0)) 
such that 

S,„(0) n f2 = {y = iy',yn) G ; yn > x(y'), b'l < ^i}, 

BeM ndQ = {y = {y',yn) G ; yn = xiv'), \y'\ < £1}, 
where 5^,(0) = {y' G M""^ ; \y'\ < £1}. Moreover, it follows from P(0) = (0, • • • ,0, -1)^ 

that x(0) = 0, V'x(O) = 0, i>{y') = (V'x(y'), -1)^/^1 + |V'x(y')P- Let <5o > <5 be a small 
positive constant satisfying < £0 < £i/2, ip € Cq°(R"'~^) be defined as 

>(?/') = 1 if \y'\ < 1, 

< < V(y') < 1 if 1< \y'\ < 2, 
^V(y') = if|y'|>2, 

^{y') = i^{y'/eo)x{y'), hj^ = {y = {y',Vn) G ; y„ > u{y'), y' G dHZ = {y = 

{y' iVn) G M" ; yn = u{y'), G M""^}, G C'^{dHJ^) be the outward unit normal vector 
on dH'l^. Then it follows from (3.48) that v satisfies the following problem in HJ^ x M+: 

dtv-KAv + v = gs in i?^ X R+, 

v\t=o = in H:^, (3.49) 

Kd„^v + Ks^^lai/^ = 56,5 on dH^ x R+. 
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Moreover, it is clear from the definition of oj and u^^ that w(0) = 0, V'a;(0) = 0, i^ui{y') = 
{Vuj{y'), -1)^/1/1 + |V'a;(j/')P- Since x(0) = 0, V'x(O) = 0, we can utiUze the following 
formula: 



1 , /y' 



V'uj{y') = — VV 

So 



£0 



x(y') + V'(^)vW) 



and the following Taylor formula: 
1 



x{y') 



a'eZ"-i,a'>0,|a'|=2 



to obtain that 



|V'.fe')l < f 



£0 



|v'My(.)ko+(^ 



£0 



|V'^x(?/i)|£o 



n 



< max(|yf |VV(y0l)|V'2x(2/^)|£o + ma^{\y'my'mV\iy[)\eo 

I \y'\<2 |2/'|<2 

<C max |V'2x(y')|£o, 

|j/ l<£l 



l|V'a;||c,(Mn-i) < C max |V'^x(y')|£o, 
where C is a positive constant depending only on n. Set 

Mfe = 5] ||9"'u;|b,(Rn-i) 

a'eZ"-i,a'>0,|a'|=fe 

for any fc = 0,1,2. Then 
Mi<C max 

|2/'I<£1 



(3.50) 



(3.51) 



where C is a positive constant depending only on n. Set [z' ^z^) = {y',yn — '^{y')): 
w{z, t) = v{y, t), hs{z, t) = gs{y, t). Then it follows from (3.49) and the following formulas: 



-'Vi 



dz, - {dziUj)dz^ if i = 1, • • • , n - 1, 
dz„ if i = n. 



- (9,»5,„ - 2{d,,u)d,,dz„ + {dz^uYdl if z = 1, ■ ■ • , n - 1, 
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if i = n, 



-A, = -A, + (A;,a;)5,„ + 2V,,u ■ V;,5,„ - \VM^dl 
that w satisfies the following problem in M!f. x M+ 

dtw - kAw + w = hs + rs in R" x R+, 



w\t=Q = 
Kdz„w\oMn = hhs 



on 



in 



(3.52) 
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where rs = K{~{A'Lo)d^^w - 2V'cj • V{d^„w) + \V'Lo\'^d'^^w}, \s = K{d^„ip)u + {k{Voj ■ 
V' ip)u}{\ + \V' uj\'^)~^ + Ksw{l + \V' uj\'^)~'^/'^ . Moreover, it can be easily seen from f{t) = 0, 
u{t) = for any t < that hs.rs G Lg,o(M+; Lp{Wl)), hb,s e hI'^I^q {Rl xR+) . By applying 
Lemma 3.2 with Ai = to (3.52), we obtain that 

\\'^\\w^;^{MlxR+) ^ C{\\hs\\L^(u+;L^{Rl)) + \\rs\\L,{R+;L^{Rl)) + \H^^^ (3-53) 

where C is a positive constant depending only on n, p, q and k. It is clear from the 
definition of hs, rg and h^^s that 

\\h5\\Lq(R+;Lp(Rl)) < \\f\\Lq{R+;Lp{n)) + Cxo,s\\'^\\Lg{R+;W^{n))i (3.54) 

where C^^^s is a positive constant depending only on n, fl, p, q, k, xq and 6, 

\\rs\\LgiR+;LpiRl)) < (^a;o,5-^2 ||li||Lg(ffi+;Wpi(Q)) + <^-^l (1 + -^l) lkllLq(ffi+;W2(M!^)) , (3-55) 

where C^Q^g is a positive constant depending only on n, p, q, k, xq and (5, C is a positive 
constant depending only on n, p, q and k, 

(3.56) 

where C^;^^^ is a positive constant depending only on n, ^l, p, q, k, Ks, xq and 5. We can 
utilize (3.53)-(3.56) to obtain that 

{l-^^l(l + ^l)}ll^ll<.,i(MI^xM+) 

< C||/||L^(ffi+;L^(n)) + C^o,5{(l + ^1 + M2)||n|U^(K+;H^^i(f2)) + (1 + Mi)\\{dt)'^\\\L,iR+.L^in))}, 

(3.57) 

where C is a positive constant depending only on n, ft, p, q and k, Cxq,5 is a positive 
constant depending only on n, J7, p, g, k, k^, xq and 5. Let Afi(l + Mi) < 1/C, which is 
possible in the case where £q is sufficiently small due to (3.51). Then 

\\'^\\w^:l(RlxR+) ^ C'a;o,5(ll/l|L,(]R+;Lp(n)) + ||'"||L<,(M+;Wpi(n)) + IK^t)^^^^IU,(IR+;ip(n))), (3-58) 

where Cxq,s is a positive constant depending only on n, O, p, k, Kg, xq, 6, Mi and M2. 
Since ?;(y, f) = w{z, t), it is obtained from the change of variables {z', Zn) = {y', y-n — ^{y')) 
that 

ll^ll<i(ifSxffi+) <2|kl|L,(M+;L^(M!^)) + C(l + Ml + M2)||Vw;||L^(M+;L^(Mn)) 

+ C(l + Ml + M2)||v2u;||i^(R^.i^(Rn)) + ||at«;||i^(K+;L,(M!^)), 

ll^ll<V^(/f5xM+) < + ^1 + ^1 + A^2)|k||H.^2,l(Kn ^l,^), (3.59) 

where C is a positive constant depending only on n, p and q. It follows from (3.58), (3.59) 
that 

Mw^:^{HSxR+) ^ C'a;o,5(ll/llL,(ffi+;Lp(n)) + ll'"llL,(M+;Wpi(f2)) + ll(5t)^^^^t||L,(ffi+;Lp(n))), (3-60) 
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where Cxq,5 is a positive constant depending only on n, Q,, p, q, n, Kg, xq, S, Mi and M2. 
Therefore, (3.60) and v = (pu imply that 

\Mw^:^{(Bsixo)nn)xR+) ^ C':'^0,<5(ll/llL«(IR+;Lp{n)) + ||«llL,(R+;Wpl(n)) + ||(5t)^^^^^||L,(R+;Lj,(n))), 

(3.61) 

where C^q^s is a positive constant depending only on n, f], p, q, k, Kg, xq and S. Set 
= {x en ; dist(a;, dU) < 6}. Then, since dil is compact in M", it follows from (3.61) 
that 

ll^ll<',^O^0xR+) ^ C'(ll/llL,(ffi+;Lp(n)) + \HL,{R+;W^m) + II (5t)^^^^l|L,(ffi+;Lp(n))), (3-62) 

where C is a positive constant depending only on n, Q, p, q, Ks and k. It is obvious from 
(3.46) with d = So/2 and (3.62) that 

\Mw^:^inxR+) ^ <^(ll/lli,{M+;Lp{n)) + \\u\\L,iR+;W^in)) + \\{dt)'^^^u\\Lg(u^-Lpin)}), (3.63) 

where C is a positive constant depending only on n, f2, p, q, n and Kg- 
It follows from (3.63) and Lemma 2.7 with s = 1/2 that 

ll"ll<l(f2xM+) ^ <^{ll/llL,(K+;Lp(a)) + (l + r-"^/^)||«||L,(M+;W^^l(n))+r-^/^||5tu||L^(M+;L^(a))}, 

(1 - Cr^'^)\\u\\^p.^^,^^^ < C{||/|U^(M^^^^(a)) + (1 + r-'/')\\nh,iR^.,w^in))}, (3-64) 

where C is a positive constant depending only on n, fi, p, q, k and Kg. Let r < (1/C)^. 
Then it is clear that (3.43) is established by (3.64). □ 

Second, we discuss (1.1) with a positive constant k and uq = 0, that is, the following 
initial-boundary value problem in x M_|_: 

dtu — kAu = / in X ]R+, 

u\t=o = in il, (3.65) 

kO^u + Kguldfi = g on (9il x 

Theorem 3.1 and Lemma 3.3 allow us to obtain the following lemma: 

Lemma 3.4. Let k be a positive constant, Kg € C^((9il) satisfy Kg > on dfl, 1 < p < oo, 

1 1 /2 

1 < g < oo, / G Lqfi{R^; Lp{n)) , g G -ffp,'q,o (^^xM_|_). T/ien (3.65) has uniquely a solution 
u G g 0(0 X M+) satisfying 

\Mw^;l{nxR+) ^ C'(ll/IU,(ffi+;Lp(f2)) + ll5ll^M/2(nxK+))' (^-6^) 
where C is a positive constant depending only on n, Q., p, q, k and Kg. 
Proof. Since C^(M+;X) and Cg°(M+; TFp^(O)) are dense in Lg,o(K+;X) for any Banach 

1 1 /2 

space {X, \\-\\x) andiniJ^'^Q (fixM+) respectively, we can assume that / G Co°(M+; Lp(fi)), 
G C^(M+; It follows from Theorem 3.1 that 

- kAv = f in Q X R+, 

Kdi,v + Ks^lan =5 on dil x 
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has uniquely a solution v G Co°(M+; ($7)). Moreover, it is obtained from Lemma 3.3 
that 

dtw — kAw = —dtv in J7 X M+, 
w\t=o = in fi, 

kOi^w + Kswldci = on X M+ 

has uniquely a solution w G Vl^p'^ Q(r2 x M+). Therefore, it is sufficient for Lemma 3.4 to be 

proved that u = v + w satisfies (3.65). Let ip € Cq°{Q x 1 < p* < oo and 1 < q* < oo 
be dual exponents to p and q respectively. Then there exists a positive constant T such 
that ip{t) = for any t > T/2. Set i^{x,t) = —(p{x,T — t). Then it follows from Lemma 
3.3 that 

dt'^ - kA-^ = i/j inOx]R+, 

*|t=o = inn, (3.67) 

Kd^'^ + Ks*|an = on 50 X M+ 

2 1 

has uniquely a solution * G 1^^*^^* q(J7 x M_|_) satisfying 

\MwX,*(.^x^+) - C|IV'llv{K+;VW)' (^■^^) 

where C is a positive constant depending only on n, n, p, q, n and Kg- Set <t{x,t) = 
*(x, T - t). Then $ G %r5*,o(^ x ^+) 

is a unique solution to the following problem in 

X R+: 

dt^ + = ip in O X M+, 

$|t=o = in (3.69) 

+ Ks^lan = on 50 X R+ 

satisfying 

ll^llwV,4nxK+) ^ C'll</'llv(K+;V(f^))' (^•'^°) 
where C is a positive constant depending only on n, p, g, k and Kg- Set 

(it, i;)nxM+ = / u{x,t)v{x,t)dxdt, 

{u,v)daxR+= u{x,t)v{x,t)dsxdt, 

and let z> G C^(f2) be the extension of u to Q. Then it is derived from integration by parts 
and (3.69) that 

{u, (p)nxR+ = {u, dt^ + KA$)nxR+ 

= -{dtu,^)fixR+ + (kAu, $)nxR+ + iu,Kdu^)QnxR+ - induU,(^)anxR+ 
= {-dtu + kAu, $)nxiR+ - {ksU + Kd,,u, $)anxi 
= -(/, ^)nxM+ - {g,^)dnxm+, 
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i=l i=l 

Moreover, it follows from (3.70) that 

\{u,(p)nxR+\ < C{\\f\\Lg{R_^_-Lp{Q)) + \\9\\Lq{R+;W^{n)))\\^\\L^*iR+;W^,X^)) 
< C{\\f\\Lg{R+;Lp(n)) + \\9\\Lg{R+;W^{a.)))\\V^\\Lg,{R+;Lp,(n)), 

\\u\\LgiR+;Lpin)) < C'(||/||l,(R+;Lp(Q)) + \\9\\Lq(R+;W^{n))), (3-71) 

where C is a positive constant depending only on n, p, q, k and Kg. Similarly to 
<^)nxiR+, we obtain that 

n n 

{dtu,ip)nxR+ = {f,dt^)nxR+ +'^{dxi{i>i9),dt^)nxm+ -'^{i>idtg,dxi^)nxm+, 

i=i 1=1 

n n 
\idtU,(p)QxR+\ < \{f,dt^)QxR+\ + ^\ido,^{l'i9),dt^)QxR+ \ + ^\{i>^^tg,^J:^^)Qy^MJ. 

i=l i=l 

(3.72) 

It follows from the Parseval identity that 

\{f,dt^)nxR+\ < ||/IUg(M+;Lj,(Q))ll^t*llv(M+;V(n))> (3-73) 

for any i = 1, - ■ ■ ,n, where C is a positive constant depending only on 

\{i>idt9,dx,^)axR+\ < m)'^'9K(R+;Lpm\m)'^'dx,nL, *(M+;Lj,*(f2))- (3.75) 

It is clear from (3.72)-(3.75) and Lemma 2.8 that 

)ll^ll w'^i^ .^{nxR+) 

< C(II/I|l,(R+;Lp(0)) + ||ff||^M/2(j^xK+))ll'^IIV(K+;V(^^))' 
\\dtu\\Lg{R+;Lp{Q)) < C{\\f\\Lg{R^;Lp{n)) + H^ll ^l>i/2 (f^^jj^)) , (3.76) 

where C is a positive constant depending only on n, O, p, q, n and Kg- By applying 
Theorem 3.1 to the following problem in O x M+: 

— kI\u = f — dtu in $7 X M+, 
nd^u + Ksu\qq = g on dfl x M_|_, 

we obtain from (3.71), (3.76) that 

ll^*llLg(R+;W2(Q)) < Ci\\f\\Lg(R+;Lp{n)) + \\dtu\\L,(R_^_-Lp(n)) + \\9\\Lg{R+;W^{Q))), 
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\\u\\l,{R+;W^{Q)) < <^(ll/llL,(ffi+;Lp(f^)) + lbllj^i.V2(nxM+))' 

where C is a positive constant depending only on n, J7, p, k and Kg. It is obvious from 
(3.71), (3.76), (3.77) that u satisfies (3.66). □ 

Third, we consider (1.1) with uq = and ^ = 0, that is, the following initial-boundary 
value problem in J7 x M+r 

dfU — div(«;Vu) = / in O x R+, 

u\t=o = in (3.78) 

Kdi,u + KguldQ = on dil x R+. 

Lemma 3.4 and freezing coefficients play an important role in proving the following lemma: 

Lemma 3.5. Let k G C^{Q) satisfy k > on Q, Ks ^ C^{d^l) satisfy Ks > on dil, 
1 < p < oo, 1 < q < oo, f G Co°(R+; Lp(J7)). Then (3.78) has uniquely a solution 
u G Wp'ggin X M+) satisfying 

u{t)= [\-^'-'^^^f{s)ds, 
Jo 

Mw^;^{nxR+) ^ C'll/llL,(M+;Lp(n)), (3-79) 
where C is a positive constant depending only on n, il, p, q, k and Ks- 

Proof. It is sufficient for Lemma 3.5 to be proved that u satisfies (3.79). We can easily 
see from Lemma 3.3 that 

\ML^{R+-W^{n)) < C'||/||Lg(M+;Lj,(n)), (3.80) 

where C is a positive constant depending only on n, fi, p, k and Kg. It follows from (3.71) 
that we have only to obtain the following inequality: 

Mw^;^{Qx-R+) ^ C'(ll/IU,(K+;Lp(n)) + \\u\\L,im+;W^m), (3-81) 

where C is a positive constant depending only on n, Q, p, q, k and Ks- 

Since k G C^{Cl), there exists a positive constant S for any positive constant £ such 
that \k{x) — k{xo)\ < £ for any x,xo G fi, x G Bs{xo) and such that ip G C^(R"') can be 
defined as 

'ip{x) = l ii X e Bs/2{xo), 



< if{x) < 1 if X G Bs{xo) \ Bs/2ixo), 
^<pix)=0 if X G R'^ \ -Bj(xo) 

for any xq G Jl. It is clear from (3.78) that ipu satisfies the following problem in x R+: 

dt{ipu) — K{xo)A{ipu) = fs in $7 X M_|_, 

{ipu)\t=o = inn, (3.82) 

K{xo)di,u + Ksu\gci = gs on dQ x R+ 
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for any xq G il, where fs = (v?/) + (k — K{xo))A{(pu) — 2kSJ ■ Vu + ipVK ■ Vu — K{Aip)u, 
gs = —{k — K{xo))diy{ipu) + K{du(p)u. Let u be extended to z/ G C^(r2). Then we obtain 
by applying Lemmas 2.7, 2.8 and 3.4 to (3.82) that 

ll'^^ll<V'(f^xM+) ^ C'(ll/5lU«{M+;Lp(Q)) + ll55ll^M/2(nxK^))> 

ll/5||Lq(K+;Lp(n)) < C'(II/IIl,(R+;Lp(Q)) + ^11 V''"!! {R+ ;W2{n)) ) + C'a;o,<5 ll""!! L,(R+;Wjl (H)) ! 

(1 - Ce)llv'^t|lH-2;i(nxR+) ^ <^ll/IU,(M+;Lp(f7)) + ^0:0,5(1 + £'^)\ML,(^^;W^i^a)), (3-83) 

where C is a positive constant depending only on n, Q, q, k and /c^, C^jg^^ is a positive 
constant depending only on n, fi, k, Kg, Xq and S. Let e < 1/C. Then it follows from 
(3.83) that 

ll^llM/p^;,^((B^/2(:ro)nn)xR+) ^ '^a;o,5(||/||L,(R+;Lj,(Q)) + hllL,(R+;iypi(Q))) (3-84) 

for any xq G Q, where Cx^f^5 is a positive constant depending only on n, p, g, k, k^, xq 
and (5. Since $7 is compact in M", (3.81) is established by (3.84). □ 

Finally, we discuss (1.1) with uq = 0, that is, the following initial-boundary value 
problem in Q x M^: 

dtu — kAu = f in J7 X R+, 

u\t=o = in (3.85) 

ndi^u + Ksu\qci = g on 90 x M+. 

It can be easily seen from Theorem 3.1 and Lemma 3.5 that we obtain the following Lp-Lq 
estimates for time-global solutions to (3.85): 

Lemma 3.6. Let k G C^(0) satisfy k > on Kg € C^{dQ) satisfy Kg > on OO, 
l<p<cx), l<g<oo, / € Lqfi{R+;Lp{n)), g G Hlll^J{n x M+). Then (3.85) has 
uniquely a solution u G Wp'^Q{Q x M_|_) satisfying 

Mw^;^{nxR+) ^ <^(ll/llL,(M+;Lp(f2)) + lblljjM/2(j^^^^)), (3-86) 

where C is a positive constant depending only on n, Q, p, q, k and Ks- 

Proof. It is the same as in Lemma 3.4. □ 

Theorem 3.3. Let n G C^{Q) satisfy k > Q on Q, Hs ^ C^{dQ) satisfy Ks > on OO, 
l<p<oo, l<g<oo. Then there exists a positive constant depending only on n, 
O, p, q, K and Kg such that if e^^^f G Lq^Q{R^; Lp{Q)) , e^^^g G i/p'^(f(0 x M_|_) for some 
< Ai < Xi, then (3.85) has uniquely a solution u G W^'^qC^ ^ ^+) satisfying 

l|e'^'^ll<V^(nxM+) ^ ^^P,.,A,(l|e'^VllL,(M+;L,(n)) + lk'^*5ll^M/.(^,^^)), (3-87) 
where Cp^q^\-^ is a positive constant depending only on n, O, p, q, k, Ks and Ai . 
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Proof. It is clear from the identity e^^^dfU = — Aie^i*u + dt{e^^^u) that 

5t(e^i*n) - div(KV(e^i*u)) = (e^^*/) + Xi{e^'*u) in O x M+, 

(e^i*n)|t=o = inJ^, (3.88) 

nd^ie^'^u) + Ks(e^i*it)|9Q = (e^i*^) on dn x R+. 

2 1 

It can be easily seen from Lemma 3.6 that (3.88) has uniquely a solution u G Wp'^q^Q{Q,xR+) 
satisfying 

(3.89) 

where C is a positive constant depending only on n, p, q, n and Ks- Let A? < 1/C. 
Then (3.89) clearly leads to (3.87). □ 

4 Proof of Theorems 2.1 and 2.2 

4.1 Proof of Theorem 2.1 

Set v{t) = e~^^Puo- Then it is clear from Theorem 3.2 that is a unique solution to (1.1) 
with f = 0, g = satisfying 

Mw^;^{nxR+) ^ C'lko||xp,,(n), (4.1) 

where C is a positive constant depending only on n, p, q, k and Kg. Therefore, it is 
essential for Theorem 2.1 to be proved that (1.1) has uniquely a solution u = v + w, where 
is a unique solution to (1.1) with uq = satisfying 

\Mw^;^(nxR+) ^ C'(ll/llL«{(0,r);Lp(Q)) + ll5lljjW2(nx(0,T)))' (^-2) 

where C is a positive constant depending only on n, fi, p, q, k and Kg. Let / G 
Lg,o(M+; Lp{n)) and ~g G H^ll^i^in x R+) satisfy f{t) = f{t), g{t) = g{t) for any < t < T, 



L,{R+;L,m = ||/||L,({0,r);Lp(O)), IIsIIh^. V2(s^xr^) < ^ H^^H (fix (O.T)) ' '^'^^^ ^^^1°^^ 

from the definition of / and g that w must satisfy the following problem in O x R+: 

dtw — div(KVw) = / in X R+, 

w\t=Q = in J], (4.3) 

KdyW + Kstf Ian = ^ on 5il X R-I-. 

By applying Theorem 3.3 with Ai = to (4.3), we obtain that w is a unique solution to 
(4.3) satisfying 



where C is a positive constant depending only on n, J7, p, k and Kg, which implies (4.2). 
Therefore, it is clear that (2.6) is established by (4.1), (4.2). 
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4.2 Proof of Theorem 2.2 

Set v{t) = e~^^PUQ. Then it follows from Theorem 3.2 that v is a. unique solution to (1.1) 
with f = 0, g = satisfying 

l|e^'*^ll<-,\nxR+) ^ ^ll^o||x,„(Q) (4.4) 

for any < Ai < Ai/2, where C is a positive constant depending only on n, p, q, k, 

Kg and Ai. Therefore, it is sufficient for Theorem 2.2 that (1.1) has uniquely a solution 
u = V + w, where w satisfies (1.1) with uq = and 

ll^'^*^ll<,\nxR^) < Ci\\e'^'f\\L,iR^.,L,m + l|e'^*5ll^i,i/.(^,K^)) (4.5) 



for some < Ai < A?, where C is a positive constant depending only on n, 0, p, q, k, Ks 



and Ai, Aj is a positive constant defined as in Theorem 3.3. Let e^'^f G Lqfi(R+; Lp{n)) 



satisfy /(t) = f{t) for any t > 0, ||e^i*/llL„(R+;Lj,{n)) = l|e-^'*/llL,{R+;Lj,{n))- Then it follows 



from the definition of / that w must satisfies the following problem in Q, x M^: 
dtw — div(KVu;) = / in $7 x 

w\t=o = in f), (4.6) 

KdpW + Ksif Ian = g on (9il x 



It can be easily seen from Theorem 3.3 that (4.6) has uniquely a solution w satisfying 



for some < Ai < A?, where C is a positive constant depending only on n, p, q, k, 
Ks and Ai, which implies (4.5). Therefore, it is obvious that (2.7) is established by (4.4), 
(4.6). 

5 Global Lp-Lq estimates for solutions to (1.2) 

Let r be, throughout this section, a real number satisfying 
n 

1 < r < if 1 < p < n, 

n — p 

l<r<oo ifn<p< oo. 

It is useful to remark that Lp-Lq estimates for nonlinear terms are obtained from the 
following lemma: 

Lemma 5.1. Let 1 < q < oo, I be a subinterval on [0,oo), {Xq, \\ ■ \\xo) ^.nd {Xi, \\ ■ \\xi) 
be a pair of Banach spaces such that Xi is dense and continuously included in Xq. Then 

W^{L,Xo)nLq{L,Xi) ^ BUC{L,{Xo,Xi)^_yq^q), (5.1) 

where ^ is the continuous inclusion. 

Proof. It is [3, Theorem 4.10.2]. □ 
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By applying Theorems 2.1 and 2.2 to (1.2), it can be easily seen from the Banach fixed 
point theorem that Lp-Lq estimates for time-local and time-global solutions to (1-2) are 

established as follows: 

Theorem 5.1. Let ft be a bounded domain in M" with its C^'^ -boundary dQ, k € C^{fl) 
satisfy k > on fl, k^. g C^{dQ,) satisfy Kg > on dfl, < T < oo, I < p < oo, 
2 < g < oo, no e Xp^q{n), f G Lq{{0,Ty,Lp{n)), g G Hl'^J^^{fl x (0,r)). Then there exists 
a positive constant < T depending only on n, fl, p, q, k, Kg, r, uq, f and g such that 
(1.2) has uniquely a solution u G Wplq{Vt x (0,r*)) satisfying 

M\wp,l{nx(o,T,)) ^ Cp^qiho\\xp,,in) + ll/llL,((o,r);Lp(n)) + lli'll//i;i_/f(nx(o,r)))' (^-2) 
where Cp^q is a positive constant depending only on n, ft, p, q, k, Ks and r. 
Proof. Set 

BiR,T,) = {ue W^;^in X (0,T,)) ; \\u\\w2,^^a>cio,n)) < ^} 

for any i? > 0, < < T. Let S be the mapping from B{R,%) to Wp'X^ x (0,?;)) 
defined as S{u) = u, where u is a solution to the following problem in x (0, T*): 

dtu - div(KVn) = f{u) in Q x (0, T*), 

u\t=o = uq in ft, (5-3) 

Kdi^u + Ksu\gQ = g on dfl x (0, T*), 

where f{u) = f + \u\^~^u. Then Theorem 2.1 implies that 

Mw^;^(nx{o,n)) ^ C'(ll«o|U^,,(n) + \\f{u)\\L,({o,ny,L^{a)) + ll5ll^M/2(f^^(o,T.)))' (^•^) 

where C is a positive constant depending only on n, il, p, q, k and Kg. Moreover, it is 
clear from Lemma 5.1 with Xq = Lp{fl), Xi = Wp{fl) that 

ll/(^)llLq((0,r*);Lp(n)) < ll/llL,((0,T.);Lp(f^)) + ll^llL,,((0,T.);Lpr(n)) 

< \\f\\LMo,Ty,Lp{n))+T^^''\\u\\l^(^^o^T,y,w^{n)) 

\\fiu)\\LMO,T.y,Lpm < II/IIl,((0,T);L^(Q)) + II (Hx (O.T.)) ' ^^'^^ 

where C is a positive constant depending only on n, fl, p, q and r. It can be easily seen 
from (5.4), (5.5) that 

Mw^;U^x{o,n)) - <^pA\\Mxp,,{n)Hf\\L,({o,Ty,L^m + MHl'l^^^^ (^-6) 
where Cp^q is a positive constant depending only on n, O, p, q, k, Kg and r. Set 

R = Rp,q := 2Cp,q{\\uo\\x^^^{n) + ||/||L,((0,T);Lp(n)) + llf llf/l.V2(f^x(o,T)))' (^•'^) 
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^1=1 .^ ^.-i ) • (5-8) 



Then S can be defined as a mapping in B{Rp^q,T^) for any < < Ti. Set Ui = S{ui) 
for any G B{Rp^q, T*), i = 1, 2. Then it follows from Theorem 2.1, the Holder inequahty 
and Lemma 5.1 with Xq = Lp{Cl), Xi = Wp{Cl) that 

11^2 - «i|liyM(nx(o,T,)) ^ C\\f{u2) - f{ui)\\LMo,ny,L^m 

< C'ry''(||txi||2";^^((o^y^^.^^i(j^)) + \\u2\\Zl((^o,ny,w^{n)))\\^2 - '"i||Loo{(o,T.);w^i(n)), 

11^2 - «illiy2.^i(nx(o,r.)) - <^^M^^*^^II^2 - ^illvFp^;i(nx(o,r.))' (5-9) 
where C is a positive constant depending only on n, Q,, p, q, k, Kg and r. Let 

Then 5 is a contraction mapping in B{Rp^q, T*) for any < T* < min{ri, r2}. By applying 

the Banach fixed point theorem to B{Rp^q,T^) and S", where = min{ri,r2}, we can 
conclude that (1.2) has uniquely a solution in B(Rp^q,T^). □ 

Theorem 5.2. Let ^ be a bounded domain in with its C^'^ -boundary d^, k G C^{^) 
satisfy k > on Q, Kg G C^{d^) satisfy Kg > on 5^2, I < p < oo, 2 < q < oo, 
uq G Xp^q{fl). Then there exists a positive constant depending only on n, Q., p, q, k, Kg 

and r such that ife^'^f G Lq{R+; Lp{n)) , e^^^g G Hl'lf^{n x M+) for some < Ai < A?, 
then there exists a positive constant ex, depending only on n, p, q, k, Kg, r and Ai such 

2 1 

that (1.2) has uniquely a solution u G (^2 x M_|_) satisfying 

\\e^''^\\w^;^^(n><K+)^<^P,'iMiho\\x,A^^^^^ (5-11) 

where Cp^q^x-^ is a positive constant depending only on n, il, p, q, k, Ks, r and Ai provided 
that 

lko|U^,,(Q) + ||e^'*/l|L,(M+;Lp(n)) + l|e^'*5ll^M/2(nxffi+) - ^^1- 
Proof Set 

Bis) = {ue W^;^{n X M+) ; ||e^^*«||^2,i(^^K^) < e} 

2 1 

for any e > 0. Let S be the mapping from B{e) to T^p/g (fi x M+) defined as 5'(?i) = u, 
where is a solution to the following problem in O x R+: 

dtu — dvv{KVu) = f{u) in Q X R+, 

u\t=Q = Uq in (5-12) 

Kdi,u + KguldQ = g on x R_|_, 
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where f{u) = / + \u\'^ ^u. Then it follows from Theorem 2.2 that 

(5.13) 

where Cx^ is a positive constant depending only on n, J7, p, q, k, Kg smd Ai, is a 
positive constant defined as in Theorem 2.2. Moreover, it is obvious from Lemma 5.1 with 
Xo = Lp{n), Xi = W^{n) that 

||e^'*/(^t)l|L,(M+;L^(n)) < ||e^i*/l|L,{M+;L,{n)) + l|e^^'^'^^*^llL"LV+;i^pr(n))l|e^^'^''^*^lli,(iK+;i^p.{n)) 



(5.14) 

where C is a positive constant depending only on n, O, p, q and r. It can be easily seen 
from (5.13), (5.14) that 

ll^^'*'"llw^%\nxM+) ^ <^M,Ai(||no|U^,,(Q) + l|e^'VllL,(ffi+;L^(n)) + l|e^'*5ll^M^^^ 

(5.15) 

where Cp^g^Xi is a positive constant depending only on n, 0, p, q, k, Kg, r and Ai. Set 
£ = £p,qM 2Cp,q,Ai(lko|U^,,(Q) + ||e^'*/l|L,(ffi+;Lp(f2)) + l|e^'*5ll^i,i/2(f^^K+))' (^■^^) 
/ 1 \ 1/(^-1) 

Then S can be defined as a mapping in B{ep^q^\^) for any < ep,g,Ai < ^i- Set Ui = S{ui) 
for any Ui G i?(ep^g^;^j), i = 1, 2. Then it is derived from Theorem 2.2, the Holder inequality 
and Lemma 5.1 with Xq = Lpip), Xi = Wp{^) that 

||e^i*(u2 - ui)\\w^^^nxR+) <Cx^\\e^'\f{u2) - /(^ii))||L,(M+;L,(n)) 

X ||e(^i/'^)*(u2-t2i)|U^(ffi^.i^^(n)) 

l|e^^*(^2 - ^i)ll<i(nxM+) < Ca,4-!aJI^^'^^'^^*(^2 - ^i)||L,(M+;Tyi(f2)) (5.18) 
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where is a positive constant depending only on n, Q, p, q, k, Ks, r and Ai. Assume 
that 



< {c^-J ■ 

Then S is a contraction mapping in B{£p^q^Xi) ^oi any < £p,q,Xi < min{£i,£2}- By apply- 
ing the Banach fixed point theorem to B{ep^q^\^) and S for any < £p,q,Ai ^ iiiiii{£i, £2}) 
we can conclude that (1.2) has uniquely a solution in B^Sp^q^x^). □ 
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